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SYMMETRY OPERATORS AND GENERAL SOLUTIONS
OF THE EQUATIONS
OF THE LINEAR THEORY OF ELASTICITY

N. I. Ostrosablin UDC 539.3:517.958

Different variants of general solutions, i.e., representations of stresses or displacements in terms
of arbitrary independent functions (for example, harmonic and biharmonic) such that the equations of
equilibrium or motion are satisfied identically, are known in the theory of elasticity [1-13]. The general
solutions of Kelvin~Lamé [13], Galerkin [6], and Papkovich-Neuber [1, 3, 4] are most often used. The problem
of generality and completeness of the solutions has been discussed in many works (see, for example, [2-5, 8,
9. 14-24]).

In the present work, using the equations of the linear theory of elasticity as an example, we show that
for each general solution there is a formula for obtaining new solutions, i.e., some symmetry operator [25].
For an isotropic material, the symmetry operators are found for the solutions by Kelvin-Lamé, Galerkin,
and Papkovich-Neuber and the generality of these solutions is proved. Some other symmetry operators are
presented in {26, 27].

Let us consider linear differential operators of the form

Aij = aij(zs) + aijr(2s) O + aijr1y(s)0k1 + ai(kim)(Ts)Fntm + - - - (1)

and formally conjugate operators

Al = aij(zs) — Oraiji(2s) + Onaijrry(2s) = Okim@ijkim)(Ts) + - - - (2)

Here z, are independent variables; J; is the derivative with respect to the variable zy; repeated subscripts
indicate summation, and subscripts in parentheses denote a symmetric function of these subscripts.

Let us assume that A*= A, D* = D, and AC = BD; then C*A = DB*. For given A and B one can
always find [28] operators C' and D satisfying these relations.

If u = Cyp, where Dy = 0, then the equation

Au= ACp = BDp =0 (3)
holds. If ¢ = B*u, where Au = 0, then the equation .
Dy =DB*u=C"Au=0 (4)
is valid. Thus, according to the formulas
u=Cp, =B (5)

solutions of Egs. (3) and (4) transform into one another. If A% = 0, then it follows from (3)—(5) that u =
C B*% is a new solution:

Au = ACB*i = BDB*ii = BC*4i = 0. (6)
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For the linear equations Au = 0 the operator @ is called a symmetry operator [29] if AQ — QA =
RA. The symmetry operator transfers the solution of the equation Au = 0 into a new solution v = Qu:
Au = AQ% = (Q + R)Al& = 0. Hence and from (6) it is obvious that @ = CB* is a symmetry operator and
R= BC*— (CB*.

The general solution of Eq. (3) has the form

u=Cyp, Dp=f  Bf=0, (7)

where f € KerB = {f. Bf = 0}. If the operators are such that D Ker C' = KerB, then the general solution of
Eq. (3) 1s [28]

u=Coyp, Dy =0. (8)

Actually, there is v such that u = Cy, Dy = f, Bf = 0. Since D Ker C = KerB, there is g € KerC
such that f = Dg. Then D(v — g) =0, u = C(¢ — g). Denoting ¢ = ¥ — g, we obtain (8).

Thus, the general solutions of the equation Au = 0 are based on the relation AC = BD and are given
by formulas (7) or (8). The formula of producing new solutions u = C'B*u or the symmetry operator @ = CB*
correspond to each general solution. The approach cited makes it possible to find symmetry operators of the
form Q = CB*, and if a symmetry operator @ is known which can be presented in this form one can find [28]
the operator D and obtain the general solutions (7) or (8).

The general solutions known in the theory of elasticity are usually written in the form (8) without
checking the validity of the condition D Ker C' = KerB. But if this condition is not fulfilled, then (8) will not
be a general or a complete solution, since in this case the solutions corresponding to the nonhomogeneous
equation Dy = f € KerB are lost. We further check the condition D Ker C' = KerB and find the symmetry
operators Q = CB* for the case of an isotropic material for the solutions by Kelvin-Lamé, Galerkin, and
Papkovich-Neuber.

In the classical Kelvin-Lamé solution [13] for the operator

Aij = Aji = (A + p)dij + (pOkk — p0..)6:5 = Aj; (9)

(A and u are Lamé’s constants, p is the constant density of the material, §;; is the Kronecker symbol, §. is
the time derivative) the displacements u; are represented as:

u; = o + €jpsOprrs. Oivi =0, [(A+2p)0kk — p0.]0 =0, (pOx —p0..)s =0, s=1,2,3 (10)

(¢jps are the Levi-Civita symbols). From (10), we obtain

. . o0 0 O3
C = gl 60 —03 82 * 0 63 "'32 !
=10 6 0 =0 |, Cr=-— % 0 8 |- -C (11)
03 —02 O 0 8 -8, 0 -

(primes denote transposition of the matrix). To find AC' we substitute u; from (10) into (9):
Aijuj=[(A+p)0ij + (1O — p0..)8i;] (00 +€5psOpths) = [(A+2p) 0k — p0..] Dio+(pOki — p0..)eipsOptps.  (12)

It is obvious from (12) that

. (A +2u)0kx — p0.. 0 0 0
o 0 =0 o 0 1Ok — po.. 0 0
AC=|8 8 0 -8 9 9 =CD = BD,
& —B & 0 0 0 KO —p0. 0
0 0 0 WOk — p0..

i.e.,, B=C and B*=(C*= —(". and D is the diagonal matrix. From the relation C*A = DB* it follows that
~C'A = D(-C"),C'A= DC'. Then ¢ = C'i and Dy = DC't = C'Ai = 0.
Now taking into account (11), we write ¢ and ®; in terms of @:
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Since u = Cp and ¢ = C'%, u = CC'% is a new solution: Au = ACC'a = CDC'u = CC'Ad = 0. From (10)
and (13), we obtain the formula for deriving solutions

uj = 0;0iti + €jpsUp(—EsmaOmin) = 8inBpplin = Tppuj, (14)
where Q = C'C' = §;n0pp is the symmetry operator and #j, the solution of the equation
[(A+ 1)8ij + (uOke — p0..)835] 1 = 0. (15)
It follows from (13) that the second equation (10) is always valid:
05 = —0j€5psOplis = —€jps0jplis = 0.
The kernel of the operator C = B is determined from the equations

019 + 0293 — 0392
O2g + 0391 — O1g3 | =0,
039 + 0192 — O2gn

whose solution, as can be easily verified, is as follows:
9="0ifi, Ofi=0, gs=0sf — smnOmfu (16)
(f is an arbitrary function). We now find p = Dg:
P = [(A+2p)0kk — p0..]0i fi = Oi(A + 2u)Oxs — p0..1fi = 0i(—p0..f5),
Ps = (uOkk — p0..)(0sf — €smnOm fn)
= 83[(#9kk = £0-)f] = €smnOm|(1Oxk — p0..) fa] = Os[(nOxk ~ p0..)f] ~ €smnOm(—p0..fa).
Denoting here ¢ = (u0rx — p0..)f, i = —p0..f;, we find that D Ker C has the form (16)

p= ai‘ﬁv akai = (, Ps = 05q — 5smnam9n-

This means that D Ker C = Ker B = Ker C, the Kelvin-Lamé solution is complete, and it suffices to write it
in the form (10). Also, the formulas (13)-(15) hold true.

It should be noted that in statics, as is seen from (10), the functions ¢ and 1, are harmonic, and then
Oju; = 0559 = 05;0:u; = 0, i.e., there is no change of volume. This is related to the fact that following formula
(14) an arbitrary solution #; is transferred into a solution u;, whose volume remains unchanged.

Let us now consider the Galerkin solution [6], which we write as [10]

uj = Cirpr = [—(A+ )0k + (A + 2p)0ss — pd..)d;k] 0k,

Dyt = (uBpp — p0.)(A+20)Bss ~ p3-)osa08 = 0. ()
It is obvious that Cf; = Cj in (17). Then we find
AijCir = [(A+ 1)0ij + (nBpp — p0..)8i5][—(A + p)0jk + (A + 21)8ss — 0..)832]
= (u8pp — Pa--)((z\ +2p)8ss — p0..)6ij85% = BijDjx. (18)
It follows from (18) that the following variants are possible:
1) Bij = bij,  Djr = (pOpp — p0..)((A+ 211)0s5 — p0..)6j;
2) Bij = (uBpp — p0.)63j,  Djx = (A +2)8ss — p0..)8
3) Bij = (A +2p)0s5 — pd..)éi5, Djr = (u8pp — p0..)8j1;
4) Bij = (uOpp — p0..)((A + 24)0ss — p0..)6i5,  Djr = 8.

Variants 1 and 4 are équipotent and to them correspond the solution (17). In addition, bearing the
foregoing in mind, we obtain

i = Bjiti = Bijlii = 6ijtli = Uj,  Aijly = [(A+ p)3ij + (w0hx — p0..)835; = 0; (19)
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uj = Cit Byl = Cix Batii = Cpdptii = Ciptiy = [—(A + #)05k + (A + 21)5s — p0.)85klur. (20)

Formulas (17) are the ordinary Galerkin solution, (19) is the expression of ¢; in terms of 4}, and (20) is the
formula for obtaining new solutions (Cjy is the symmetry operator).
For variant 2, we find similarly

uj = Cipr,  Djrpr = (A +20)0ss — p0-.)8jkpr = 0; (21)
wj = Bjillii = Bijll; = (uOpp — p0..)8i51li = (u8pp — p0.-)%j,  Aijl; =0,
U; = Cjsziﬁi = CjkBikai = Cjk(uap,, - pa..)é,‘kﬁi = C]'k(,u.app - pa)ﬂk

In (21), ¢; satisfy the wave equation rather than the product of two wave operators, as in (17). But instead,
the multiplier (udpp — p0..) appears in (22).
For variant 3, we have

(22)

uj = Cirer,  Djeer = (uOpp — p0..)é5x0k = 0; (23)
¢j = Bjilii = Bijtli = ((A + 2p)0s5 — p0..)8ijthi = ((A + 2p)0ss — p0..)Hj, Aijii; =0,
u; = jkBZ,‘ai = CjkBikﬂi = Cjk((/\ + 2,11)633 - pa..)(sikﬂ,‘ = C]' ((/\ + 2;&)333 - pa..)ﬁk.

Formulas (23) and (24) are analogous to (21) and (22), and only the multipliers (u0dy, — p0..) and ({(A +
2u)0ss — pd..) change places.

Thus, for the Galerkin solution the above three variants of the formulas are possible. Since for solution
(17) Bijf; = &ijf; = fi = 0, the forms (7) and (8) coincide and solution (17) is general. Solutions (21) and
(23) will become complete if they are written in the form (7), where B and D correspond to variants 2 or 3.

We write the Papkovich-Neuber solution {1, 3, 4] for an isotropic material in the case of statics as
in [27]

(24)

uj = Cjirer = (1 + 2u1)pj — 2101 — 22002 — 2305403 — Ojipa, (25)
Djrpr = (1+ p1)8pp; =0,  p1=p/(A+p).
In this case the appropriate operators take the form
Aij = 0ij + p18ij0ss = Aj;,  Cjr = (1 +2p1)85k — 205, Cf; = 2(1 + p1)8jx + xx0;,
Bij = (2p1 — 1)6ij — 20, Bj; = 2u18i5 + 20, Djx = (1+ p1)6;10pp = DZJ-, zg=1, 01 =0

and the relations AC = BD and C*A = DB* hold. From (26), we obtain the expression of the function ¢;
via the solution of the Lamé equations and the formula for obtaining new solutions (symmetry operator):

(26)

;= B;,-fii =2 lj + z;0;t;, Ug=0, Ayl = 0i;U;+ pu10sst; =0,
u; = Ciu Bt = {2 (1 + 2p1)8ji + z;0; — z:0;] — zxxr0ji }ii; (27)
= 21 [(1 4 2p1)%; + ;0it; — 2:0;%) — (22 + 22 + 22 + )95
It follows from (27) that functions ¢; are connected with each other by the relation
Bjp5 = 2p104 + B5(zjpa). (28)

Let us show the generality of solution (25), i.e., check the condition D Ker C' = Ker B. The kernel of
the operator C is determined from the equations

Cikgr = (1 +2p1)85k — 2x05lgr = [2(1 + p1)6jk — Bjzilgr = 2(1 + p1)g; — Ozrgr = 0.
These equations will hold if g; is taken in the form
9i=0g, =123, ga=-zigi+2(l+m)g, i<3 (29)
(g is an arbitrary function), i.e., (29) is Ker C. ‘
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The kernel of the operator B is found from the equations
Bijf; = (2m = 1)bij — 283 f; = (2mbij — Biz))fj = 2m fi = Diz; f; = 0,
which will always be fulfilled if we set
fi=o0if, =123, fa=-zfs+2mf, s<3 (30)

(f is an arbitrary function), i.e., (30) is KerB. It is evident that C is obtained from B by replacing the
coefficient gy by 1+ u1; a similar replacement is also made for the kernels of (29) and (30).
Now we find D Ker C':

Dijrgr = (1 + p11)ppg;, (1 + p1)8ppg; = (1 + 11)0pp0ig = 95[(1 + 111)ppy], J=12,3,
(14 11)0ppga = (1 + p1)0pp[—zigi + 2(1 + p1)g] = (1 + p1)(—2i0ppgi + 2110pp9), 1 < 3.
If in (31) we denote
F=Q0+u)0pg,  fi=(14pm)0pgi =01 +m)opgl =0if, =123,
fa= (14 p1)0ppgs = —zi(1 + p1)Oppgi + 201 (1 + p1)0ppg = —x:ifi + 21 f, 1 <3,

then (31) takes the form (30), i.e., we obtain that D Ker C = Ker B.

Thus, the Papkovich~Neuber solution is general and complete, i.e., the form (25) contains all solutions
of Lame’s equations. It follows from (27) and (28) that, in the general case. one cannot assume that the
function @4 is equal to zero, as many authors (beginning from P. F. Papkovich) did [2, 3]. The values of
Poisson’s ratio v = —3/4, —1/2, —1/4, 0, and 1/4 are not exceptional, but are associated with attempts in
[3, 15, 16, 21] to prove the generality of the Papkovich-Neuber solution for the case ¢4 = 0.

This work was reported at the Section “Mathematical modeling” of the International Conference on
Applied and Industrial Mathematics dedicated to the memory of the Nobel Prize winner L. V. Kantorovich
(Novosibirsk, July 25-29, 1994).

This work was supported by the Russian Foundation for Fundamental Research (Grant 93-01-16757).
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